We show that when a simplicial Lie group acts on a simplicial manifold {X * }, we can construct a bisimplicial manifold and the de Rham complex on it. This complex is quasi-isomorphic to the equivariant simplicial de Rham complex on {X * } and its cohomology group is isomorphic to the cohomology group of the fat realization of the bisimplicial manifold. We also exhibit a cocycle in the equivariant simplicial de Rham complex.
Introduction
Simplicial manifold is a sequence of manifolds together with face and degeneracy operators satisfying some relations. There is a well-known way to construct the de Rham complex on a simplicial manifold (see [2] [5] [9] , for instance). In [8] , Meinrenken introduced the equivariant version of the de Rham complex on a simplicial manifold. That is a double complex whose components are equivariant differential forms which is called the Cartan model [1] . This complex is a generalization of Weinstein's one in [14] . In this paper, we show that when a simplicial Lie group acts on a simplicial manifold {X * }, we can construct a bisimplicial manifold and explain that the de Rham complex on it is quasi-isomorphic to the equivariant de Rham complex on {X * }. We explain also that its cohomology group is isomorphic to the cohomology group of the fat realization of the bisimplicial manifold. At the last section, we exhibit a cocycle in the equivariant de Rham complex on a simplicial manifold NSO(4).
2 Review of the simplicial de Rham complex 2.1 Simplicial manifold Definition 2.1 ( [10] ). Simplicial manifold is a sequence of manifolds X = {X q }, (q = 0, 1, 2 · · · ) together with face operaters ε i : X q → X q−1 (i = 0, 1, 2 · · · q) and degeneracy operater η i : X q → X q+1 (i = 0, 1, 2 · · · q) which are all smooth maps and satisfy the following identities:
Simplicial Lie group {G * } is a simplicial manifold such that all G n are Lie groups and all face and degeneracy operators are group homomorphisms.
For any Lie group G, we have simplicial manifolds NG, P G and simplicial G-bundle γ : P G → NG as follows:
Degeneracy operators are also defined but we do not need them here.
We define γ :
For any simplicial manifold {X * }, we can associate a topological space X * called the fat realization defined as follows:
Here ∆ n is the standard n-simplex and ε i is a face map of it. It is well-known that γ : P G → NG is the universal bundle EG → BG (see [5] [9] [10], for instance).
2.2
The double complex on a simplicial manifold Definition 2.2. For any simplicial manifold {X * } with face operators {ε * }, we have a double complex Ω p,q (X * ) := Ω q (X p ) with derivatives defined as follows:
For any simplicial manifold the following holds.
Theorem 2.1 ([2] [5] [9]). There exist a ring isomorphism
Here Ω * (X * ) means the total complex.
3 Simplicial G * -manifold
Let {X * } be a simplicial manifold and {G * } be a simplicial Lie group which acts on {X * } by left, i.e. G n acts on X n by left and this action is commutative with face and degeneracy operators of {X * }. We call {X * } a simplicial G * -manifold.
A bisimplicial manifold is a sequence of manifolds with horizontal and vertical face and degeneracy operators which commute with each other.
Given a simplicial G * -manifold {X * }, we can construct a bisimplicial manifold {X * ⋊ NG * ( * )} in the following way:
Horizontal face operators ε
are the same as the face operators of X p and G p . Vertical face operators ε
Example 3.1. Suppose G n = H is a compact subgroup of G and H acts on NG(n) as follows:
Example 3.2. P G(n) acts on P G(n) itself by left as follows:
Example 3.4. Let Γ 1 ⇒ Γ 0 be a G-groupoid, i.e. both Γ 1 and Γ 0 are Gmanifolds and all structure maps are G-equivariant. We define a simplicial manifold NΓ as follows:
Here s, t, m mean the source and target maps, and the multiplication ( [13] ). Then NΓ( * ) is a simplicial G-manifold. 
Derivatives are:
Repeating the same argument in [11] , we obtain the following theorem.
Theorem 4.1. There exists an isomorphism
Here Ω * (X * ⋊ NG * ( * )) means the total complex.
The equivariant simplicial de Rham complex
When a compact Lie group G acts on a manifold M, there is the complex of equivariant differential forms Ω * ([1] [3] ). Here G is the Lie algebra of G, S(G * ) is the algebra of polynomial functions on G, α ∈ Ω * G (M), X ∈ G and X M denote the vector field on M generated by X. This is called the Cartan Model. We can define the double complex Ω * G * (X * ) in the same way as in Definition 2.2. This double complex is originally introduced by Meinrenken in [8] .
Again, repeating the same argument in [11] , we obtain the following theorem.
Theorem 4.2. If every G n is compact, there exists an isomorphism
Here Ω * G * (X * ) means the total complex.
Remark 4.1. In the case that G n is not compact, we need to use "the Getzler model" of the equivariant cohomology in [6] .
Cocycle in the equivariant simplicial de Rham complex
In this section we take G = SO(4) and construct a cocycle in Ω 4 SO(4) (NSO(4)), whose cohomology is isomorphic to H * (B(SO(4) ⋊ SO(4))). Recall that there is a cocycle in Ω 4 (NSO(4)) described in the following way. (4)) is the sum of the following E 1,3 and E 2,2 :
Theorem 4.3 ([12]). The cocycle which represents the Euler class of ESO(4)
.
Errata 1.
In [12] , there are some mistakes. [
Now following Jeffrey and Weinstein's idea, we construct a cocycle in Ω 4 SO(4) (NSO(4)).
We take a cochain µ ∈ (Ω 1 (G) ⊗ G * ) G as follows:
Here X ∈ G = so(4).
Proof. Since i X (g −1 dg) = iX (dgg −1 ) = X, the following equation holds.
= dµ(X). = i X 1 E 2,2 + i X 2 E 2,2 − iX 1 E 2,2 − iX 2 E 2,2 = i X 1 −X 1 +X 2 −X 2 E 2,2 = i X G×G E 2,2 . sgn(τ ) (X) τ (1)τ (2) (X) τ (3)τ (4) + (X) τ (3)τ (4) (X) τ (1)τ (2) = 0.
As a result, we obtain the following theorem. (NSO(4) ).
